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In this note we study the following problem. Let k be an alge-
braically closed ﬁeld and X be an aﬃne variety over k. Suppose
that H1, H2 ⊂ X are two hypersurfaces such that there exists an
automorphism f of X×kn satisfying f (H1×kn) = H2×kn for some
n > 0. Does this imply that there exists an automorphism f˜ of X
such that f˜ (H1) = H2? We give an aﬃrmative solution if one hy-
persurface is not k-uniruled and a counterexample in general.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
V. Shpilrain and J.-T. Yu [14] began studying the stable equivalence problem for hypersurfaces
in the aﬃne space. In this note we deal with this problem in a more general setting. Let k be an
algebraically closed ﬁeld and X be an aﬃne variety over k. Two hypersurfaces H1, H2 ⊂ X are said
to be equivalent (resp. stably equivalent) if there exists a polynomial automorphism f of X such that
f (H1) = H2 (resp. H1 × kn and H2 × kn are equivalent in X × kn for some n > 0).
The generalized stable equivalence problem. Is it true that two stably equivalent hypersurfaces in an
aﬃne variety X are equivalent?
This problem was studied for hypersurfaces in kn , when chark = 0. In [14] an aﬃrmative solution
was given if one hypersurface is the set of zeros of a so-called test polynomial for monomorphism
* Correspondence to: Institute of Mathematics, Polish Academy of Sciences, ul. S´niadeckich 8, 00-950 Warszawa, Poland.
E-mail address: r.drylo@impan.gov.pl.0021-8693/$ – see front matter © 2012 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jalgebra.2012.08.021
R. Dryło / Journal of Algebra 371 (2012) 554–558 555(due to Jelonek [10] it is known that a generic polynomial in k[T1, . . . , Tn] of degree greater than n
has this property). An aﬃrmative solution was also given for non-uniruled hypersurfaces in kn [3].
Makar-Limanov, van Rossum, Shpilrain and Yu [12] positively solved the problem for curves in k2.
Recently a positive solution for k2 and an arbitrary ﬁeld k was given in [5]. In general, the problem
remains open for kn , n 3.
In this note we show that the above generalized problem has still an aﬃrmative solution for a
large class of hypersurfaces in an arbitrary aﬃne variety X , and we give a counterexample in general.
To this end we use the notion of the k-uniruledness introduced by Jelonek [9]. An aﬃne variety X is
said to be k-uniruled if for a generic point x ∈ X there exists a non-constant regular map f : k → X
such that x = f (0). If k is uncountable, then X is k-uniruled if and only if there exists an aﬃne
variety Y of dimension dim X − 1 and a regular dominant map Y × k → X (see [9, Prop. 5.1] or [15,
Th. 3.1]). An algebraic set is called k-uniruled if all its irreducible components are k-uniruled. We
prove the following:
Theorem1. Let X be an aﬃne variety and H1, H2 ⊂ X be two hypersurfaces one of which is not k-uniruled. If f
is an automorphism of X ×kn satisfying f (H1 ×kn) = H2 ×kn, then there exists an induced automorphism f˜
of X such that f˜ ◦ πX = πX ◦ f , where πX is the projection; in particular f˜ (H1) = H2 .
In order to construct a counterexample to the above problem we make use of the Danielewski
idea [1] of the construction of aﬃne surfaces, which are counterexamples to the cancellation prob-
lem.
Proposition 2. Let C be a nonrational smooth aﬃne curve such that there exist an automorphism σ : C → C
and a regular function f : C → k with x1, x2 ∈ Z = f −1(0) which satisfy σ(Z) = Z , σ(x1) = x2 , and
ordx1 ( f ) = ordx2 ( f ). Let X f be the surface obtained by gluing two copies of C×k along the open set (C \ Z)×k
via the isomorphism (x, t) → (x, t + 1/ f (x)). Let l1, l2 ⊂ X f be two lines lying in the same copy of C × k over
the points x1 , x2 . Then X f is an aﬃne surface and l1 , l2 are stably equivalent, but not equivalent in X f .
Remark. Note that as a curve C having the above properties one can take an elliptic curve
C : y2 = x3 + ax + b with the automorphism σ(x, y) = (x,−y). If x1 ∈ C does not lie on the x-axis,
x2 = σ(x1), and g = 0 is a line passing through x1, which is not vertical, then one can take
f (x, y) = g(x, y)g(x,−y)2.
2. Proofs
The crucial role in the proof of Theorem 1 plays the k-uniruledness of the set of points at which a
regular map is not ﬁnite, which was established by Jelonek [8,9]. A dominant regular map f : X → Y
is said to be ﬁnite at y ∈ Y if there exists an open neighborhood U of y such that res f : f −1(U ) → U
is ﬁnite.
Theorem 3. (See [8, Th. 1.5].) Let f : X → Y be a dominant regular map of n-dimensional aﬃne varieties,
where X is k-uniruled. Then the set of points at which f is not ﬁnite is either empty or is a k-uniruled hyper-
surface in Y .
We will also need the following elementary fact on cancellation of varieties [3] (see also [7]).
Lemma 4. Let X be an aﬃne variety, which is not k-uniruled. If f : Y × kn → X × kn is an isomorphism,
then there exists an induced isomorphism f˜ : Y → X such that f˜ ◦ πY = πX ◦ f , where πX , πY are the
projections.
Proof. Clearly the statement is equivalent to the fact that the set
Z = {y ∈ Y : f (y × kn)= x× kn for some x ∈ X}







y ∈ Y : f i(y,a) = f i(y,b)
}
.
Suppose that Z = Y . Then the image πX ( f ((Y \ Z) × kn)) has nonempty interior and is the union of
k-uniruled curves, since each set πX ( f (y × kn)) has this property for y ∈ Y \ Z . This contradicts the
fact that X is not k-uniruled. 
Furthermore, we will need the following well-known fact.
Lemma 5. Let f : X → Y be a regular map of aﬃne varieties. Suppose that there exists a point x ∈ X such that
the differential dx f : Tx X → T yY is an isomorphism, where y = f (x), f is ﬁnite at y, and f −1(y) = {x}. Then
f is birational.
Proof. For completeness we give a proof. Let (Ox,Mx), (Oy,My) be the local rings of x, y. Since dx f
is an isomorphism, so is the induced map f ∗ : My/M2y → Mx/M2x . Hence we have MyOx + M2x = Mx .
By Nakayama’s lemma Mx = MyOx , which implies that Ox =Oy + MyOx . We will show that Ox is
a ﬁnitely generated Oy-module, then again by Nakayama’s lemma Ox = Oy , which implies that f
is birational. Since f −1(y) = {x}, it follows that Mx ∩ k[X] is the unique maximal ideal in k[X] lying
over My ∩k[Y ]. This implies that the localization k[X]S at S = k[Y ] \My is a local ring, so k[X]S =Ox .
Replacing Y by an aﬃne neighborhood of y, we can assume that f is ﬁnite. It follows that k[X]S =Ox
is a ﬁnitely generated module over k[Y ]S =Oy . 
Now we are in a position to prove Theorem 1. If X is not k-uniruled, the assertion follows from
Lemma 4. Therefore suppose that X is k-uniruled and H1 is not k-uniruled. Let X ′ → X be the nor-
malization and H ′1, H ′2 ⊂ X ′ be the preimages of H1, H2; obviously, H ′1 is not k-uniruled. Then for
the induced by f automorphism f ′ of X ′ × kn we have f ′(H ′1 × kn) = H ′2 × kn . Clearly, it is enough
to prove the statement for f ′ . Thus we can assume that X is normal. Obviously, we can also assume
that H1 and H2 are irreducible.
First we will show that for every regular map g : X → kn , the map f g : X → X , f g(x) =
πX ( f (x, g(x))), is birational. Let Γ ⊂ X × kn be the graph of g and Reg(X) be the set of reg-
ular points on X . From Lemma 4 it follows that for each x ∈ H1 there exists y ∈ H2 such
that f (x × kn) = y × kn . For such x, y, where x ∈ Reg(X) ∩ H1, Γ is transversal to x × kn and
Γ ∩ (x × kn) = {a} (note that Reg(X) ∩ H1 is nonempty, since X is normal). Hence y ∈ Reg(X) ∩ H2,
f (Γ ) is transversal to y × kn , and f (Γ ) ∩ (y × kn) = {b}. This implies that the projections from the
tangent spaces πa : TaΓ → Tx X and πb : Tb f (Γ ) → T y X are both isomorphisms, and hence so is
dx f g = πb ◦ da f ◦ (πa)−1 : Tx X → T y X . Since H2 ∼= H1 is not k-uniruled, by Theorem 3 there exists
x ∈ Reg(X) ∩ H1 such that f g is ﬁnite at y = f g(x). Since f −1g (y) = x, it follows from Lemma 5 that
f g is birational.
It remains to show that Z = {x ∈ X: f (x × kn) = y × kn for some y ∈ X} is equal to X . Sup-
pose that Z = X . Since Z is closed in X (see the proof of Lemma 4), there exists x ∈ Reg(X) such
that πX ( f −1(x × kn)) has positive dimension. Choose two points a,b ∈ L = f −1(x × kn) such that
πX (a) = πX (b). Then we can construct a regular map g : X → kn whose graph is transversal to L at
a, b. Indeed, let X ⊂ km and Ma,Mb ⊂ km+n be two m-dimensional subspaces, which are transversal
to L at a, b and such that both projections Ma → km and Mb → km are isomorphisms. We can easily
construct a polynomial map G : km → kn whose graph passes trough a, b and has tangent spaces Ma ,
Mb at these points. Then g = resX G is the desired map. For such a map g , πX (a) and πX (b) are
isolated in the ﬁber f −1g (x). Since f g is birational and f −1g is not regular at x, it follows from the
Zariski Main Theorem [13, p. 104] that there exists a hypersurface E ⊂ X passing through πX (a) such
that codimX f g(E) 2. Then the ﬁber f −1g (x) has positive dimension at πX (a), which contradicts the
fact that πX (a) is isolated in f −1g (x). This proves Theorem 1.
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Corollary 6. If σ is a nontrivial k+-action on an aﬃne variety X, then every hypersurface contained in the set
of ﬁxed points of σ is k-uniruled.
Proof. Consider the automorphism f (x, t) = (σ (x, t), t) of X ×k. Then for a hypersurface H contained
in the set of ﬁxed points of σ , we have f (H × k) = H × k. Thus, if H were not k-uniruled, then σ
would be trivial. 
For the proof of Proposition 2 we ﬁrst recall Danielewski’s idea of the construction of aﬃne sur-
faces without cancellation property (see [1,6]).
Let C be a smooth aﬃne curve and f : C → k be a non-constant regular function such that Z =
f −1(0) is nonempty. Let X f be the surface obtained by gluing two copies of C × k along the open
set (C \ Z) × k via the isomorphism ψ(x, t) = (x, t + 1/ f (x)). Then X f is a principal k+-bundle over
the curve C with a double set Z , which we denote by C˜ (i.e., C˜ is obtained by gluing two copies
of C along the open set C \ Z ). Furthermore, X f is aﬃne. To show this it is enough to construct
a regular function on X f such that the preimages of sets from an open cover of k are all aﬃne.
Consider two functions on C × k: f1(x, t) = f (x)t and f2(x, t) = f (x)t − 1. We have f2 ◦ ψ = f1, so
they determine the regular function f3 : X f → k. Then for the open cover of k by U0 = k \ {0} and
U1 = k \ {−1}, we obtain aﬃne sets f −13 (U0) ∼= f −12 (U0), since f −11 (U0) is disjoint with Z × k, and
similarly f −13 (U1) ∼= f −11 (U1).
The key fact in Danielewski’s construction is that if g : C → k is another regular function such that
Z = g−1(0) = f −1(0), and Xg is the surface obtained analogously as X f , then we have the following
C˜-isomorphism
X f × k ∼= X f ×C˜ Xg ∼= Xg × k. (2.1)
This follows from the fact that the ﬁber product X f ×C˜ Xg is a principal k+-bundle over X f and Xg ,
and every principal k+-bundle over an aﬃne variety is trivial (i.e., there exists a one-to-one correspon-
dence between k+-bundles over a variety X and elements of the group H1(X,OX ), which is trivial if
X is aﬃne).
In [1] it was shown that if f , g are properly chosen for C =C, then X f and Xg are not isomorphic
(see also [6]). It was noticed in [4] that this can be elementary proved if one assumes that C is
nonrational, which is facilitated by the fact that then every isomorphism ϕ : X f → Xg preserves ﬁbers
of the projections onto C˜ , and hence induces the automorphism ϕ˜ of C˜ (see also [2]).
We will also need the following elementary property of automorphisms of C˜ . Let Z = {x1, . . . , xn}
and Z˜ ⊂ C˜ be the double set. For the open cover C˜ = C1 ∪ C2, where C1, C2 are two copies of C ,
let x1i, . . . , xni ∈ Z˜ ∩ Ci lie over x1, . . . , xn , respectively (i = 1,2). If ϕ˜ is an automorphism of C˜ ,
then ϕ˜( Z˜) = Z˜ , since C˜ is not separated exactly at the points of Z˜ . Furthermore, ϕ˜({xi1, xi2}) =
{xα(i)1, xα(i)2} for some permutation α of {1, . . . ,n}. If it were ϕ˜({xi1, xi2}) = {x, y}, where x, y ∈ C˜
do not lie over the same point of Z , then the open sets (C˜ \ Z˜) ∪ {xi1, xi2} and (C˜ \ Z˜) ∪ {x, y} would
be isomorphic, which is impossible, since the former is not separated and the latter is isomorphic to
an open subset of C .
Now we prove Proposition 2 as follows. Since σ(Z) = Z , we have the induced automorphism
σ˜ : C˜ → C˜ . Then the pull-back of the principal k+-bundle σ˜ ∗(X f ) is equal to Xg , where g = f ◦σ . Let
τ : Xg → X f be the isomorphism, which covers σ˜ . Assume that the lines l1, l2 ⊂ X f and l′1, l′2 ⊂ Xg lie
over the points x11, x21 ∈ C1, respectively. Since σ(x1) = x2, we have σ˜ (x11) = x21, and so τ (l′1) = l2
and τ (l′2) = l1. It follows that l1 × k is taken to l2 × k by the automorphism of X f × k, which is the
composition of the following two isomorphisms
X f × k α Xg × k τ×id X f × k,
where α is given by (2.1). Thus l1, l2 are stably equivalent.
558 R. Dryło / Journal of Algebra 371 (2012) 554–558It remains to show that l1 and l2 are not equivalent in X f . Suppose that there exists an automor-
phism ϕ of X f such that ϕ(l1) = l2. Since C is nonrational, ϕ induces as above the automorphism ϕ˜
of C˜ such that ϕ˜(x11) = x21 and ϕ˜(x12) = x22. Let Ui = (C \ Z) ∪ {xi} and U˜ i = (C˜ \ Z˜) ∪ {xi1, xi2}










is commutative, where ψ(x, t) = (x, t+1/ f (x)). Then ϕi is of the form ϕi(x, t) = (ϕ′i (x),αi(x)t+βi(x)),
where ϕ′i : U1 → U2 is an isomorphism such that ϕ′i (x1) = x2, αi, βi ∈ k[U1], and αi = 0 on U1
(i = 1,2). Composing the maps in the diagram, we get the following equality between their second
coordinates













= β2(x) − β1(x).
Since this function is regular on U1 and α2 is invertible on U1, we have
ordx1( f ) = ordx1
(
f ◦ ϕ′1
)= ordx2( f ),
which contradicts the hypothesis. Thus l1 and l2 are not equivalent in X f .
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